We seek to derive the probability-expressed in terms of the Hilbert-Schmidt (Euclidean or flat) metric-that a generic (nine-dimensional) real two-qubit system is separable, by implementing the well-known Peres-Horodecki test on the partial transposes (PTs) of the associated 4 × 4 density matrices (ρ). But the full implementation of the test-requiring that the determinant of the PT be nonnegative for separability to hold-appears to be, at least presently, computationally intractable.
We direct the reader's attention to Fig. 1 , which depicts various forms of "diagonalentry-parameterized separability functions" (DESF's) [1, 2] -as opposed to "eigenvalueparameterized separability functions (ESFs) [3, 4, 5] -that we will employ here to obtain estimates and simple exact upper bounds on the Hilbert-Schmidt (HS) probability that a generic (nine-dimensional) real two-qubit system is separable.Życzkowski, Horodecki, Sanpera and Lewenstein, in a much-cited article [6] , have given "philosophical", "practical" and "physical" reasons for studying "separability probabilities". We have examined the associated problems which arise, using the volume elements of several metrics of interest as measures on the quantum states, in various numerical and theoretical studies [2, 5, 7, 8, 9, 10, 11, 12] .
The subordinate of the three curves in Fig. 1 -derived using an extensive quasi-Monte Carlo (Tezuka-Faure [13, 14] ) six-dimensional numerical integration procedure-provides an estimate of the true, but so-far not exactly-determined DESF. The dominant of the three curves-readily obtainable from results already reported in [1, sec. VII]-has the form
The intermediate of the three curves, which we first report here, has the same-differing only in constants-functional form
With each of these three curves we can obtain an associated estimate or upper bound on the desired HS separability probability (P HS sep/real ). This is accomplished by integrating over ξ ∈ [−∞, ∞] the product of the corresponding curve with the function (Fig. 2) (based on the jacobian of a coordinate transformation, to be described below)
that is,
Proceeding, thusly, we obtain an upper bound on the HS separability probability of elements for the complex 4 × 4 density matrices, one must employ-conforming to a pattern familiar from random matrix theory-β = 2, and β = 4 in the quaternionic case (cf. [17] ).)
The use of the celebrated Peres-Horodecki separability test [18, 19] is central to our
analyses. Ideally, we would be able to require that the determinant of the partial transpose of ρ be nonnegative to guarantee separability [20, 21] . However, this has so far proved to be too computationally demanding a (fourth-degree, high-dimensional) task for us to enforce (cf. [1, eq. (7) extended this approach to the four 3 × 3 principal minors. Actually, we found that these four minors fell into two pairs of identical results. Further, one of the set of results
could be obtained from the other set by the transformation ξ → −ξ. This curve (7) and its reflection around ξ = 0 are shown in Fig. 3 . The intermediate curve (2) in Fig. 1 , first reported here, was constructed by joining the sharper segments of these two curves over the two half-axes. (A parallel strategy had been pursued with the 2×2 minors.) The comparable results to (7) and Fig. 3 for the 2 × 2 minors investigation [2] are 
FIG. 4:
The two distinct (red and blue) separability functions obtained from the six 2 × 2 principal minors, the envelope of which defines the dominant curve in Fig. 1 and Fig. 4 .
For the intermediate curve in Fig. 1 we have the nontrivial y-axis intercept of ≈ 0.612315 [2] .
In obtaining our several results, we used the "Bloore/correlation" parameterization of density matrices [22, 23] and accompanying ranges of integration-generated by the cylindrical algebraic decomposition procedure [24, 25] , implementing the requirement that ρ be (3)]. We appropriately permuted the subscripts in the indicated coordinate system, so that we could study all four of the minors (thus, finding that they fell into two equal sets). Of course, such a simplifying integration strategy is not available for the determinant of the partial transpose itself, which contains all the six off-diagonal variables (z ij ), rather than simply three.
Each of the constrained integrations we have utilized so far, has used as it constraint the nonnegativity of a single 2 × 2 or 3 × 3 principal minor of the partial transpose of ρ.
(However, we have been able above to couple and complement multiple results by taking the sharper/tighter bounds over the half-axes provided by individual outcomes.) We have, to this point, been unable-using either the (Bloore [22] ) density-matrix parameterization presented in [1] or the interesting partial-correlation parameterization indicated in [23] to perform constrained integrations in which two or more 2 × 2 or 3 × 3 minors (and a fortiori the determinant) are required to be simultaneously nonnegative. (It, then, remains an open question whether or not being able to do so would simply lead to the dominant and intermediate curves given already in Fig. 1 and by (1) and (2)).
We can, however, rather convincingly-but in a somewhat heuristic manner-reduce the derived upper bound on the HS separability probability of generic real two-qubit systems ≈ 0.628571 to 0.576219 by using a new curve-having a y-intercept of (
0.752462 as a DESF. This curve is obtained by taking the product of the two curves displayed in Fig. 3 (that is, the product of the function (2) with its reflection about ξ = 0). A plot of the result shows that it is both subordinate to the intermediate curve in Fig. 1 , as is obvious it must be, but also clearly dominates the numerically-generated curve there, which is an estimate of the true DESF. (Since each of the two curves in Fig. 4 is simply unity over a half-axis, a parallel strategy in the 2 × 2 minors analysis can, of course, yield no nontrivial upper-bound reduction from 1024 135π 2 ≈ 0.76854.) The "twofold-ratio" theorem of Szarek, Bengtsson andŻyczkowski [26] -motivated by the numerical results reported in [10] -allows us to immediately obtain exact upper bounds, as well, on the HS separability probability for generic (eight-dimensional) real minimallydegenerate real two-qubit systems (boundary states having a single eigenvalue zero). These upper bounds would, then, be one-half those applicable to the nondegenerate case-that is, ≈ 0.314286. Further, we can, using the results of our numerical study, similarly obtain an induced estimate, 0.226421, of the true probability.
The two sets of derived functions (1) and (2), based respectively on the 2 × 2 and 3 × 3 minors have the same functional forms, but with differing sets of constants ({1, 2, 3, 1} vs.
{9, 2048 = 2
11 , 27, 7}). It seems natural, then, to conjecture that the true separability function-which must be based on the determinant of the partial transpose [1, eq. (7)] [20, 21] , that is, the single 4 × 4 minor-will also adhere to the same functional form, but with a different set of constants.
In fact, pursuing this line of thought, we have found that the function
fits (Fig. 5 ) the numerically-generated subordinate curve in Fig. 1 ≈ 0.6167.
(Then, by the twofold-ratio theorem [26] , the HS separability probability of the minimallydegenerate (boundary) states would be 29 128 ≡ 29 2 7 ≈ 0.226563. Also, we have been able to find a number of other curves, adhering to this same general structure, fitting the subordinate curve in Fig. 1 as a separability probability, in addition to well-fitting curves yielding somewhat less simple fractions-such as had advanced-based on somewhat different considerations than here-the hypothesis that this probability is 8 17 ≈ 0.470588, with an associated DESF equal to One might further speculate-in line with random matrix theory and our previous analyses [2] -that the DESF for the generic (15-dimensional) complex two-qubit systems is proportional to the square of (9) . If the constant of proportionality were simply taken to equal unity, the associated HS separability probability would be 
